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Covering and 2-packing numbers in graphs
Carlos A. Alfaro ∗ Christian Rubio-Montiel †
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Abstract
A covering set of a graph G is a set T ⊆ V (G) such that each edge
of G is incident to at least one vertex of T . The covering number of G,
β(G), is the minimum order of a covering set. On the other hand, a
2-packing set of a graph G is a set R ⊆ E(G) such that if three edges
are chosen in R then they are not incidents in a common vertex. The
2-packing number of G, ν2(G), is the maximum order of a 2-packing
set. It can be proved that
dν2(G)/2e ≤ β(G) ≤ ν2(G)− 1,
for any connected graph G with |E(G)| > ν2(G). In this paper, a char-
acterization of simple connected graphs that attains the inequalities is
given.
1 Introduction
Throughout this paper G is a finite, undirected, simple and connected graph
with vertex set V (G) and edge set E(G). For A ⊆ V (G), G[A] is denoted to
∗Banco de Me´xico, Mexico City, Mexico, carlos.alfaro@banxico.org.mx.
†UMI LAFMIA 3175 CNRS at CINVESTAV-IPN, Mexico City, Mexico,
christian@cs.cinvestav.mx.
§Subdireccio´n de Ingenier´ıa y Posgrado, UNAQ, Quere´taro City, Mexico,
adrian.vazquez@unaq.edu.mx.
1
ar
X
iv
:1
70
7.
02
25
4v
2 
 [m
ath
.C
O]
  1
 A
ug
 20
17
the induced graph by A. The neighborhood of a vertex u ∈ V (G), denoted by
N(u), is the set of vertices of V (G) adjacent to u in G. We use Lu to denote
the set of edges incident to u ∈ V (G). Hence, the degree of u, denoted by
deg(u), equals |Lu|. Denote by δ(G) and ∆(G) to be the minimum and
maximum degree of the graph G, respectively. Let H be a subgraph of G.
The restricted degree of a vertex u ∈ V (H), denoted by degH(u), is defined
as degH(u) = |Lu ∩ E(H)|.
A covering set of a graph G is a set T ⊆ V (G) such that every edge of G
has at least one end in T . The covering number of G, denoted by β(G), is the
minimum order of a covering set. An independent set of a graph G is a set
I ⊆ V (G) such that any two vertices of I are not adjacent The independent
number of G, denoted by α(G), is the maximum order of a independent set.
Moreover, A 2-packing set of a graph G is a set R ⊆ E(G) such that if
three edges are chosen in R then they are not incidents in a common vertex.
The 2-packing number of G, denoted by ν2(G), is the maximum order of a
2-packing set. In [2] was proven that any simple graph G satisfies
dν2(G)/2e ≤ β(G). (1)
It is not difficult to prove that (see Theorem 2.1), for any simple graph G
with |E(G)| > ν2(G) it satisfies
β(G) ≤ ν2(G)− 1. (2)
By Equations (1) and (2)
dν2(G)/2e ≤ β(G) ≤ ν2(G)− 1 (3)
is obtained
The main result of this paper, a characterization of connected graphs
that attains the upper and lower inequality of the Equation (3) is given.
There are interesting results related with the covering and 2-packing
numbers in a more general context, see [1, 2]. Even, in [4] a characterization
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of connected graphs G which satisfies γ(G) = ν2(G) − 1 was given, where
γ(G) is the domination number of G, that is the minimum order of a set
D ⊆ V (G) such that every vertex of G is either in D or is adjacent to a
vertex in D.
In section 2 presents some basic results. In Section 3 a characterization
of all the connected graphs G which satisfies β(G) = ν2(G)− 1 is given. In
Section 4 a characterization of all the connected graphs G which satisfies
β(G) = dν2(G)/2e is given.
2 Results
In the remainder of this paper, for the terminology, notation and missing
basic definitions related to graphs is referred from [3]. A connected graphs
with |E(G)| > ν2(G) is considered due to the fact |E(G)| = ν2(G) if and
only if ∆(G) ≤ 2. Moreover, ν2(G) ≥ 4 is assumed, since in [2] the following
was proven:
Proposition 2.1. [2] Let G be a simple connected graph with |E(G)| >
ν2(G), then ν2(G) = 2 if and only if β(G) = 1.
Proposition 2.2. [2] Let G be a simple connected graph with |E(G)| >
ν2(G). If ν2(G) = 3 then β(G) = 2.
If G satisfies the hypothesis of Proposition 2.1 then G is the complete
bipartite graph K1,n. And if G satisfies the hypothesis of Proposition 2.2
then G is one of the graphs shown in Figure 1 (see [2]).
In the rest of this paper the following is considered:
Remark 2.1. Let R be a maximum 2-packing of a graph G, then
1. Each component of G[R] has at least 2 edges, since each component
with only one edge contributes in one to the covering and 2-packing
numbers.
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Figure 1: Graphs with β = 2 and ν2 = 3.
2. The set T = {u ∈ V (G[R]) : degG[R](u) = 2} is a transversal of G.
The proof of the following well-known result is omitted.
Proposition 2.3.
1. If R is a maximum 2-packing of a graph G, then the components of
G[R] are either cycles or paths.
2. If G is either a cycle or a path of length even and T is a minimum
covering set of G, then T is an independent set.
3. If G is cycle of length odd and T is a minimum covering set of G, then
there exists an unique u ∈ T such that T \ {u} is an independent set.
On the other hand, if G is a path of length odd then either there exists
an unique u ∈ T such that T \ {u} is an independent set or T is an
independent set with a vertex u ∈ T which satisfies deg(u) = 1.
4. If G is either a path or a cycle of length k, then β(G) = dk2e.
5. β(Kn) = ν2(Kn)− 1.
Theorem 2.1. If G is a connected graph then
dν2(G)/2e ≤ β(G) ≤ ν2(G)− 1.
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Figure 2: Supergraphs of graphs with ν2 = 4 and β = 3.
Proof. Let R be a maximum 2-packing of G, and T = {x ∈ V (G[R]) :
degG[R](x) = 2}. Then, T is a covering set of G of cardinality ν2(G).
Case (i): A component of G[R] is a path. Hence β(G) < ν2(G), since |T | < |R|.
Case (ii): All the components of G[R] are cycles. Assume that V (G[R]) = V (G),
otherwise if u ∈ V (G) \ V (G[R]) and eu = uv ∈ E(G) \ R, where
v ∈ V (G[R]), then the following set (R \ {eu})∪ {ev}, where ev ∈ R is
incident to v, is a maximum 2-packing of G with a path as component,
and by Case (i) it have that β(G) ≤ ν2(G)− 1. Therefore T \ {u}, for
any u ∈ V (G[R]), is a covering set of G, which implies that β(G) ≤
ν2(G)− 1.
To end dν2(G)/2e ≤ β(G) is obtained by by Equation (1).
3 Graphs with β = ν2 − 1
To begin with, it is introduced some terminology in order to simplify the
description of the connected graphs with β(G) = ν2(G) − 1. In [2] if G is
a connected graph G with ν2(G) = 4 and |E(G)| > 4 then β(G) ≤ 3 was
proven. Moreover, if G is a connected graph with ν2(G) = 4 and β(G) = 3
then G is a subgraph from the graphs of Figure 2 (see [2]).
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Definition 3.1. Let Kmn = (V (K
m
n ), E(K
m
n )) be the simple connected graph
which set of vertices is V (Kmn ) = {x1, . . . , xn} ∪ {u1 . . . , um} and which set
of edges is E(Kmn ) = {xixj : 1 ≤ i < j ≤ n} ∪ {uiui+1 : i = 1, . . . ,m− 1} ∪
{x1, u1}, that is, the graph Kmn is a complete graph of n vertices together
with a path of length m− 1.
Proposition 3.1. Let G be a connected graph. If G is a subgraph of K1ν2
and K2ν2−1 is a subgraph of G, with ν2 = ν2(B). Then β(G) = ν2(G)− 1.
Proof. Since K2ν2−1 is an induced subgraph of G, let u ∈ V (G) such that
Gu = G−u is a complete graph of size ν2(G)− 1. Hence, if T is a minimum
covering set of G then necessarily u ∈ T , which implies that β(Gu) = ν2(G)−
2. Therefore β(G) = β(Gu) + 1 = ν2(G)− 1, as the statement says.
Proposition 3.2. Let G be a simple connected graph with ν2(G) ≥ 5 and
β(G) = ν2(G)−1. If R is a maximum 2-packing of G, with V (G[R]) = V (G),
then either
1. G is a complete graph of size ν2(G), or
2. G is a subgraph of K1ν2 and K
2
ν2−1 is a subgraph of G.
Proof. Let R be a maximum 2-packing of G with V (G[R]) = V (G), and
let R1, . . . , Rk (k < ν2(G)) be the components of G[R] with k as small as
possible. Then
Case(i) If k = 1, then G[R] is either a spanning path or a spanning cycle of the
graph G. Suppose that R = u0u1 · · ·uν2−1u0 is a cycle. If there exit
two non adjacent vertices ui, uj ∈ V (G[R]) then T = V (G[R])\{ui, uj}
is a covering set of G of cardinality ν2(G)−2, which is a contradiction.
Therefore, any different pair of vertices of G are adjacent. Hence G is
a complete graph of size ν2(G).
On the other hand, ifR = u0u1 · · ·uν2 is a path, then T = {u1, . . . , uν2−1}
is a minimum covering set of G. Assume that either u0uj ∈ E(G)
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or uν2uj ∈ E(G), for all uj ∈ T ∗ = T \ {u1, uν2−1}, otherwise,
T \ {uj} is a covering set of G of cardinality ν2(G) − 2, which is a
contradiction. Without loss of generality, suppose that u0u2 ∈ E(G).
Hence u0u3 ∈ E(G), where u3 ∈ T ∗ (since ν2(G) ≥ 5), otherwise
if u3uν2 ∈ E(G) then (R \ {u2u3}) ∪ {u0u2, u3uν2} is a 2-packing of
size ν2(G) + 1, which is a contradiction. Hence u0uj ∈ E(G) and
ujuν2 6∈ E(G), for all uj ∈ T ∗, which implies that deg(uν2) = 1. More-
over, assume that any two vertices ui 6= uj ∈ T ∗ are adjacent, other-
wise (T \{ui, uj})∪{u0} is a covering set of G of size ν2(G)−2, which
is a contradiction. Also, assume that u1uj ∈ E(G), where uj ∈ T ∗,
otherwise (T \ {u1, uj})∪ {u0} is a covering set of G of size ν2(G)− 2,
which is a contradiction. Hence, the graph K2ν2−1 is a subgraph of
G. To end, if ujuν2−1 ∈ E(G), for all uj ∈ (T \ {uν2−1}) ∪ {u0} then
G−uν2 is a complete graph of size ν2(G) with deg(ν2) = 1, from which
follows that G is a subgraph of K1ν2 .
Case (ii) Suppose that k ≥ 2. If there are at least two components as a paths,
R1 and R2, then
β(G) ≤ |T | ≤ (|E(R1)| − 1) + (|E(R1)| − 1) +
k∑
i=3
|E(Ri)|
≤
k∑
i=1
|E(Ri)| − 2 = ν2(G)− 2,
which is a contradiction. On the other hand, if R1 is a path and
R2, . . . , Rk are cycles, then T \ {u}, with u ∈ V (G[R]) \ V (R1), is a
covering set of G (since k is minimum), which implies that β(G) ≤
ν2(G)− 2, which is a contradiction. To end, suppose that R1, . . . , Rk
are cycles. If there not exist two adjacent vertices u, v ∈ V (G[R]) then
T \ {u, v} is a covering set of G with β(G) ≤ ν2(G) − 2, which is a
contradiction. Then, any two vertices u, v ∈ V (G[R]) are adjacent,
which it follow that k = 1, which is a contradiction. Therefore, G[R]
is a connected graph and the statement follows by Case (i).
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Theorem 3.1. Let G be a connected graph with ν2(G) ≥ 5 and β(G) =
ν2(G)− 1. Then either
1. G is either a complete graph of size ν2(G), or
2. G is subgraph of K1ν2 and K
2
ν2−1 is a subgraph of G.
Proof. Let R be a maximum 2-packing of G and I = V (G) \ V (G[R]).
Assume that I 6= ∅, otherwise, the theorem holds by Proposition 3.2. Hence
if I 6= ∅ then I is an independent set of vertices.
Case (i): Suppose that G[R] is a complete graph of size ν2(G). It is claimed
that if u ∈ I then deg(u) = 1. To verify the claim, suppose on the
contrary that u is incident to at least two vertices of V (G[R]), v and
w. If V (G[R]) = {u1, . . . , uν2} then without loss of generality suppose
that u1 = v and uj = w, for some j ∈ {2, . . . , ν2}. Since G[R] is a
complete graph then
(R \ {u1uν2 , uj−1uj}) ∪ {uu1, uuj , uj−1uν2}
is a 2-packing of size ν2(G) + 1, which is a contradiction. Hence, if
u ∈ I then degG(u) = 1. On the other hand, if |I| > 1, let u, v ∈ I.
Without loss of generality suppose that u is incident to u1 and v is
incident to uj , for some j ∈ {2, . . . , ν2}. Since G[R] is a complete
graph then
(R \ {u1uν2 , uj−1uj}) ∪ {uu1, uj−1uν2 , vuj}
is a 2-packing of size ν2(G) + 1, which is a contradiction To end if u
and v are adjacent to u1, then
(R \ {u1u2, u1uν2}) ∪ {uu1, vu1, u2uν2}
is a 2-packing of size ν2(G)+1, which is contradiction. Hence, I = {u}
with deg(u) = 1. Furthermore, V (G[R]) \ {w}, for w ∈ V (G[R]) \ {v}
and uv ∈ E(G), is a minimum covering set of G of size ν2(G)− 1, and
the graph G− u is a complete graph of size ν2(G).
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Case (ii): Suppose that G[R] is a subgraph of K1ν2 and K
2
ν2−1 is a subgraph of G.
Let v ∈ V (G) such that the G[R]−v is either a complete graph of size
ν2(G) or G[R]− v is a complete graph of size ν2(G)− 1. First suppose
that G[R]− v is a complete graph of size ν2(G), where deg(v) = 1. If
u ∈ I is such that uw ∈ E(G), where w ∈ V (G[R]), then there exists
a 2-packing of G of size ν2(G)+1 (see proof of Proposition 3.2), which
is a contradiction. Then uw 6∈ E(G), for all w ∈ V (G[R])∪{v}, which
it follow that G is a disconnected graph, which is a contradiction.
Furthermore, I = ∅ and the theorem holds by Proposition 3.2.
On the other hand, let G[R]−v be a complete graph of size ν2(G)−1.
Assume that uv 6∈ E(G), with u ∈ I, otherwise the cycle C of size
ν2(G)− 1, from G[R]− v, and the edges uv, ux, where x ∈ V (G[R]) \
(V (C)∪{v}) (see proof of Proposition 3.2) is a 2-packing of size ν2(G)+
1, which is a contradiction. The proof follow at the same way if ux ∈
E(G). Hence uw ∈ E(G), for some w ∈ V (C), which implies that there
exists a 2-packing of G of size ν2(G) + 1 (see proof of Proposition 3.2).
Furthermore, I = ∅ and the theorem holds by Proposition 3.2.
4 Graphs with β = dν2/2e
To begin with, some terminology and results are introduced in order to
simplify the description of the simple connected graphs G which satisfy
β(G) = dν2(G)/2e.
Lemma 4.1. Let G be a connected graph and R be a maximum 2-packing
of G. If ν2(G) is even and β(G) =
ν2(G)
2
, then the components of R have
even length.
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Proof. Let R be a maximum 2-packing of G and R1, · · · , Rk be the com-
ponents of G[R]. Let T be a minimum covering set of G. Then
ν2(G)
2
= β(G) = |T | ≥
k∑
i=1
|T ∩ V (Ri)| ≥
k∑
i=1
β(Ri) =
k∑
i=1
dν2(Ri)/2e
Hence, if R1 have a odd number of edges then
k∑
i=1
dν2(Ri)/2e = ν2(R1) + 1
2
+
k∑
i=2
dν2(Ri)/2e ≥ 1
2
+
k∑
i=1
ν2(Ri)
2
=
1
2
+
ν2(G)
2
,
which is a contradiction. Therefore, each component of G[R] have an even
number of edges.
Lemma 4.2. Let G be a simple connected graph and R be a maximum 2-
packing of G. If ν2(G) is odd and β(G) =
ν2(G) + 1
2
, then there is an unique
component of R of odd length.
Corollary 4.1. Let G be a simple connected graph and R1, . . . , Rk be the
components of a maximum 2-packing of G. If T is a minimum covering set
of G and β(G) = dν2(G)/2e, then T ∩Ri is a minimum covering set of Ri,
for i = 1, . . . , k. Hence
1. if ν2(G) is even, then β(Ri) =
ν2(Ri)
2
, for i = 1, . . . , k.
2. if ν2(G) is odd, then β(R1) =
ν2(R1) + 1
2
and β(Ri) =
ν2(Ri)
2
, for
i = 2, . . . , k
Let A and B be two sets of vertices. The complete graph which set of
vertices is A is denoted by KA. The graph which set of vertices is A ∪ B
and which set of edges is {ab : a ∈ A, b ∈ B} is denoted by KA,B. On the
other hand, let k ≥ 3 be a positive integer. The cycle of length k and the
path of length k are denoted by Ck and P k, respectively.
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If A and B are two sets of vertices from V (Ck) and V (P k) (not nec-
essarily disjoints) and I be an independent set of vertices different from
V (Ck) and V (P k) then CkA,B,I = (V (C
k
A,B,I), E(C
k
A,B,I)) and P
k
A,B,I =
(V (P kA,B,I), E(P
k
A,B,I)) are denoted to be the graphs with V (C
k
A,B,I) = V (C
k)∪
I and V (P kA,B,I) = V (P
k) ∪ I, respectively, and E(CkA,B,I) = E(Ck) ∪
E(KA)∪E(KA,B)∪E(KA,I) and E(P kA,B,I) = E(P k)∪E(KA)∪E(KA,B)∪
E(KA,I), respectively. In an analogous way, we denote by C
k
I to be the
graph with V (CkI ) = V (C
k) ∪ I and E(CkI ) = E(Ck) and we denote by P kI
to be the graph with V (P kI ) = V (P
k) ∪ I and E(P kI ) = E(P k). Then:
Definition 4.1. It is defined as CkA,B,I to be the family of connected graphs
G such that CkI is a subgraph of G and G is a subgraph of C
k
A,B,I . Similarly,
it is defined as PkA,B,I to be the family of connected graphs G such that P kI
is a subgraph of G and G is a subgraph of P kA,B,I . That is
CkA,B,I = {G : CkI ⊆ G ⊆ CkA,B,I where G is a connected graph}
PkA,B,I = {G : P kI ⊆ G ⊆ P kA,B,I where G is a connected graph}
Proposition 4.1. Let k ≥ 4 be an even integer, T be a minimum covering
set of Ck and I be an independent set of vertices different from V (Ck). If
Tˆ = V (Ck) \ T and G ∈ Ck
T,Tˆ ,I
, then β(G) = k2 and ν2(G) = k.
Proof. By construction if G ∈ Ck
T,Tˆ ,I
then β(G) = k2 . On the other hand,
since Ck is a 2-packing of G, then ν2(G) ≥ k. To prove that ν2(G) ≤ k
suppose on the contrary, that is there are a maximum 2-packing R of G of
cardinality k + 1 (odd). As either G[R] is a path or a cycle of odd length
k+1, then by Proposition 2.3 it follow that β(R) = k+22 . Since any minimum
covering set of G is a minimum covering set of R then β(G) = β(R) = k2 ,
which is a contradiction. Therefore ν2(G) = k.
Corollary 4.2. Let k ≥ 4 be an even integer, T be a minimum covering
set of P k and I be an independent set of vertices different from V (P k). If
Tˆ = V (P k) \ T and G ∈ Pk
T,Tˆ ,I
, then β(G) = k2 and ν2(G) = k.
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Definition 4.2. It is defined as CˆkA,B,I to be the family of simple connected
graphs G with ν2(G) = k such that C
k
I is a subgraph of G and G is a
subgraph of CkA,B,I . Similarly, it is defined as PˆkA,B,I to be the family of
simple connected graphs G with ν2(G) = k such that P
k
I is a subgraph of G
and G is a subgraph of P kA,B,I . That is
CˆkA,B,I = {G : CkI ⊆ G ⊆ CkA,B,I where G is connected and ν2(G) = k},
PˆkA,B,I = {G : P kI ⊆ G ⊆ P kA,B,I where G is connected and ν2(G) = k}.
Hence if k ≥ 4 is an even integer, T is a minimum covering set of either
Ck or P k, and I is an independent set different from either V (Ck) or V (P k)
then by Proposition 4.1 and Corollary 4.2 it follow that
Cˆk
T,Tˆ ,I
= Ck
T,Tˆ ,I
and Pˆk
T,Tˆ ,I
= Pk
T,Tˆ ,I
.
However if k ≥ 5 is an odd integer, T is a minimum covering set of either
Ck or P k and I is an independent set different from either V (Ck) or V (P k)
then
Cˆk
T,Tˆ ,I
6= Ck
T,Tˆ ,I
and Pˆk
T,Tˆ ,I
6= Pk
T,Tˆ ,I
.
To see this, let R be the cycle of length k and u, v ∈ T adjacent, then if G is
such that V (G) = V (Ck)∪{w}, where w ∈ I and E(G) = E(Ck)∪{uw, vw},
then G ∈ Ck
T,Tˆ ,I
. However ν2(G) = k + 1 and β(G) =
k+1
2 , which implies
that G 6∈ Cˆk
T,Tˆ ,T
. An similar argument is used to prove that Pˆk
T,Tˆ ,I
6= Pk
T,Tˆ ,I
.
Proposition 4.2. Let k ≥ 5 be an odd integer, T be a minimum covering
set of Ck and I be an independent set of vertices different from V (Ck). If
Tˆ = V (Ck) \ T and G ∈ Cˆk
T,Tˆ ,I
, then β(G) = k+12 and ν2(G) = k.
Corollary 4.3. Let k ≥ 5 be an odd integer, T be a minimum covering
set of P k and I be an independent set of vertices different from V (P k). If
Tˆ = V (P k) \ T and G ∈ Pˆk
T,Tˆ ,I
, then β(G) = k+12 and ν2(G) = k.
Proposition 4.3. Let G be a connected graph with |E(G)| > ν2(G) and let
R1, . . . , Rk be the components of a maximum 2-packing of G. Then β(G) =
dν2(G)/2e if and only if β(G) =
k∑
i=1
β(Ri).
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Proof. Let R be a maximum 2-packing of G and R1, . . . , Rk be the com-
ponents of G[R]. Ri is a cycle or a path of length ν2(Ri), which implies
that β(Ri) = dν2(Ri)/2e, for i = 1, . . . , k. If β(G) = dν2(G)/2e, then by
Corollary 4.1 it follow that
dν2(G)/2e = β(G) ≥
k∑
i=1
β(Ri) =
k∑
i=1
dν2(Ri)/2e = dν2(G)/2e .
Therefore β(G) =
k∑
i=1
β(Ri).
On the other hand, if β(G) =
k∑
i=1
β(Ri), then by Theorem 2.1 and
Corollary 4.1 it follow that
dν2(G)/2e ≤ β(G) =
k∑
i=1
β(Ri) =
k∑
i=1
dν2(Ri)/2e = dν2(G)/2e ,
which implies that β(G) = dν2(G)/2e.
Theorem 4.1. Let G be a connected graph with ν2(G) ≥ 4 be even, |E(G)| >
ν2(G) and R1, . . . , Rk be the components of a maximum 2-packing R of G,
with k as small as possible. Then β(G) =
∑k
i=1 β(Ri) if and only if
1. If Ti is a minimum covering set of Ri and Tˆi = V (Ri) \ Ti, for i =
1, . . . , k, then Ri ∈ Cν
i
2
Ti,Tˆi,Ii
∪ Pνi2
Ti,Tˆi,Ii
, with νi2 = ν2(Ri) and I1 ∪ . . . ∪
Ik = I, where if u ∈ Ii then N(u) ⊆ V (Ri), for i = 1, . . . , k.
2. If e ∈ E(G) \ E(G[R ∪ I]), then e ∈ Lu, with u ∈ Ti, for some
i ∈ {1, . . . , k}.
Proof. Let R1, . . . , Rk be the components of a maximum 2-packing of G,
with k as small as possible. Suppose that β(G) =
∑k
i=1 β(Ri).
Remark 4.1. If u ∈ I, then N(u) ⊆ V (Ri), for some i ∈ {1, . . . , k}, other-
wise there exist u ∈ I, wi ∈ V (Ri) and wj ∈ V (Rj), for some i 6= j ∈
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{1, . . . , k}, such that uwi, uwj ∈ E(G). Hence (R \ {ewi , ewj})∪{uwi, uwj},
where wi ∈ ewi ∈ E(Ri) and wj ∈ ewj ∈ E(Rj), is a maximum 2-packing
with less components than R, which is a contradiction. Therefore I = I1 ∪
· · · ∪ Ik, where either Ii = ∅ or for every u ∈ Ii satisfies N(u) ⊆ V (Ri), for
i = 1, . . . , k.
Let T be a minimum covering set of G then Ti = T ∩V (Ri) is a minimum
covering set of Ri, for i = 1, . . . , k. Let Tˆi = V (Ri) \ Ti. Since T is a
covering set it follow that if e ∈ E(G[V (Ri) ∪ Ii]) then either e ∈ E(Ri) or
e ∈ E(KTi,Tˆi) or e ∈ E(KTi,Tˆi) or e ∈ E(KTi,Ii) (see Remark 4.1), for i =
1 . . . , k. Hence Ri ∈ Cν
i
2
Ti,Tˆi,Ii
∪Pνi2
Ti,Tˆi,Ii
, where νi2 = ν2(Ri) and I1∪. . .∪Ik = I,
for i = 1 . . . , k. Moreover if e ∈ E(G)\E(G[R∪I]), then e ∈ Lu, with u ∈ Ti,
for some i ∈ {1, . . . , k}.
On the other hand, let Ti be a minimum covering set of Ri and Tˆi =
V (Ri) \ Ti, for i = 1, . . . , k. Let Ri ∈ Cν
i
2
Ti,Tˆi,Ii
∪ Pνi2
Ti,Tˆi,Ii
, with νi2 = ν2(Ri)
and I1 ∪ . . . ∪ Ik = I, where if u ∈ Ii then N(u) ⊆ V (Ri), for i = 1, . . . , k.
Since given e ∈ E(G)\E(G[R∪ I]) it satisfies that e ∈ Lu, where u ∈ Ti, for
some i ∈ {1, . . . , k}, then T = ⋃ki=1 Ti is a covering set of G of cardinality∑k
i=1 β(Ri), then by Theorem 2.1, Proposition 4.1 and Corollary 4.2 it follow
that
ν2(G)
2
≤ β(G) ≤ |T | =
k∑
i=1
β(Ri) =
k∑
i=1
ν2(Ri)
2
=
ν2(G)
2
,
which implies that β(G) =
∑k
i=1 β(Ri).
Corollary 4.4. Let G be a connected graph with ν2(G) ≥ 5 be odd, |E(G)| >
ν2(G) and R1, . . . , Rk be the components of a maximum 2-packing R of G,
with k as small as possible. Then β(G) = ν2(G)2 if and only if it satisfies
1. If Ti is a minimum covering set of Ri and Tˆi = V (Ri) \ Ti, for i =
1, . . . , k, then Ri ∈ Cˆν
i
2
Ti,Tˆi,Ii
∪ Pˆνi2
Ti,Tˆi,Ii
, with νi2 = ν2(Ri) and I1 ∪ . . . ∪
Ik = I, where if u ∈ Ii then N(u) ⊆ V (Ri), for i = 1, . . . , k.
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2. If e ∈ E(G) \ E(G[R ∪ I]), then e ∈ Lu, with u ∈ Ti, for some
i ∈ {1, . . . , k}.
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